Abstract: Cylindrical vector vortex (CVV) beam, which possesses both helical phase front and spatially inhomogeneous polarization, is a promising structured light for its various applications ranging from optical communication to optical field manipulation and optical microscopy. However, approaches to generate CVV beams with switchable and tunable polarization order and topological charge are still immature, which hinders the wide application of CVV beams. In this paper, we have experimentally demonstrated that order-controllable CVV beams can be produced by using spatial light modulator (SLM) and equivalent q-plate system at wavelength of 1550.8 nm. It is shown that the topological charge of the CVV beam can be switched by directly programming the SLM. We have also demonstrated that the polarization order of the CVV beam can be tuned to as high as eight by employing an equivalent q-plate system, which consists of two cascaded metasurfaces and a halfwave plate. To further verify the helical phase of the CVV beam, we have proposed a novel measurement method based on first removing the vector property and then interfering the remaining helical phase with plane wave or spherical wave.
Introduction
Cylindrical vector vortex beam, which possesses both helical phase-front and spatially inhomogeneous polarization, has attracted a lot of attentions in recent years [1] - [12] . Compared to scalar vortex beam, CVV beam not only involves phase singularity and polarization singularity in the beam cross section, but also shows better stability and beam integrity against turbulent atmosphere in free-space transmission [13] . It is well known that both helical phase and inhomogeneous polarization provide a new degree of freedom and thus have been widely applied in optical manipulation [14] - [17] , imaging [18] - [21] and communication [22] - [27] . Hence, the CVV beam, which involves aforementioned physical dimensions simultaneously, possesses unprecedented capacities in beam manipulation and inspires various potential applications, especially for the order controllable CVV beams [28] - [30] .
Extensive effort has been devoted to exploring the approaches of generating CVV beams. In general, these methods can be classified into three categories, namely method depending on single integrated device [7] , generating vortex and vector properties in two separate steps [1] , [2] , and method by combing two orthogonal circular polarized vortex beams (VB) with different topological charges [3] , [4] . In principle, single integrated device can only be used to generate CVV beams with fixed topological charge. As to the second one, the vortex property can be obtained by programming spatial light modulator (SLM) or q-plates. After that, the vector property can be introduced by polarization converters. However, the polarization order introduced by the polarization converter is usually fixed. Although the topological charge of the CVV beam by using the third method is flexible, however, the existing proposals involve complex light path and are always accompanied by low-efficiency. Hence, methods which can conveniently adjusting CVV beam's topological charge and polarization order are highly expected in practical applications. Nevertheless, efficient detection method to independently measure the spiral phase of the CVV beam is still highly demanded.
In this work, we have experimentally demonstrated a novel method to generate CVV beams with controllable order based on the SLM and equivalent q-plate system. It is shown that CVV beams with arbitrary topological charge can be produced by programming the SLM. It is also shown that the polarization order of the CVV beam can be tuned to as large as eight by the equivalent q-plate system consisting of cascaded dielectric metasurfaces and HWP. Moreover, it is found that the radius of the generated CVV beam's hollow-shaped ring increases together with the polarization order and the topological charge of the helical phase. The theoretical prediction based on matrix calculations matches well with the experimental results. Finally, an experimental measurement scheme was proposed to independently measure the helical phase of CVV beams by eliminating the vector property with an equivalent metasurface for optical interference.
Theoretical Calculation
Generally, Jones matrix can be used as a tool for theoretical calculation to represent the function of the optical devices. In this article, the Jones matrix of metasurface, which is similar to q-plate in theory, is firstly derived. In the polar coordinate, the direction of the optical axis in the transverse plane can be written as:
Where θ = arctan(y/x) is the azimuthal angle, φ 0 is the initial direction of the axis, q is a constant indicating the spatial rotation ratio of the optical axis. For simplicity, it is assumed that φ 0 = 0.
Let us consider the metasurface with a homogeneous birefringent phase retardation of π (half-wave) and an inhomogeneous orientation of the fast-optical axis which is parallel to the transverse plane. The Jones matrix of the space-variant metasurface can be simplified as:
The horizontal linearly polarized light, which can be described with Jones electric-field vector E in = E 0 [1, 0] , is transformed into the wave as shown in (3) after passing through the metasurface with q 1 ,
It is evident that the cylindrical vector beam (CVB) can be obtained with single metasurface. However, the switching operation of CVB's polarization order is unattainable with single metasurface. In order to produce CVV beam with controllable polarization order, we cascade another metasurface with the q-value of q 2 , the output wave is then written as:
By cascading two metasurfaces, the subtraction system can be realized; while the addition system is constituted by inserting a half-wave plate (HWP) between the two metasurfaces with the fast axis parallel to the horizontal axis. After inserting the HWP, the output wave of this system can be represented as:
From (5), we can see that the polarization order of the eventually output CVB is the sum of two metasurfaces. The light wave emerging from the second metasurface has a polarization order of 2(q 2 + q 1 ). By combining both the two metasurfaces and HWP, we can have full control over CVB's polarization order. It should be noted that the different combinations of the two metasurfaces and HWP lead to different equivalent q-plate systems.
When the linearly polarized Gaussian beam is incident into the SLM, the output light beam is E 0 e i lθ [1, 0] . The topological charge can be changed if the output beam can be switched by programming the SLM. Hence, we can obtain a large cluster of CVV beams with controllable orders by constructing corresponding equivalent q-plate systems as mentioned above. The obtained CVV beam can be written as
cos (2qθ) sin (2qθ) sin ( 
Meanwhile, if we want to measure the helical phase of CVV beam independently, we just need to add another q-plate behind the system as above. After that, the output light beam can be written as
Finally, we can independently measure the helical phase of the CVV beam with the general method of interfering it with plane wave or spherical wave. Fig. 1 schematically depicts the experimental setup to generate CVV beams. In the experiment, a fundamental mode Gaussian beam with spectrum as shown in Fig. 1(d) was generated by a continuous wave (CW) laser at wavelength of 1550.8-nm. The laser beam was firstly converted to linearly polarized beam by a Glan laser polarizer (GL). After passing through the SLM which introduces a helical phase to incidence, the linearly polarized beam is converted to VB. With the programmable SLM, we can generate CVV beams with arbitrary topological charge. By combining the VB with the plane wave or the spherical wave with a combiner, the interference patterns of the generated VBs with plane wave and spherical wave were measured respectively, as shown in Fig. 2 . The interference patterns between the VB and plane wave are illustrated in Fig. 2(a) and (b). It is evident that the number of dislocated interference fringes is equivalent to the topological charge. When the topological charge is a positive integer, the direction of the fork fringes is oblique upward. Conversely, the direction of the fork fringes is oblique downward when it is negative. The interference patterns with the spherical wave are depicted in Fig. 2(c) and (d) , where the number of helical fringes is equivalent to the topological charge. When the topological charge is a positive integer, the rotation direction of helical fringes is anti-clockwise and vice versa.
Results and Discussions
Optical metasurfaces with micro-sized or nano-sized features have attracted lots of attentions in fields ranging from high-resolution prints, holograph to far-field super-resolution imaging [31] - [33] . Usually, the metasurface is fabricated by etching space-variant grooves on a fused silica sample using a femtosecond laser. The designed grooves are expected to introduce a space-variant birefringence. Desired polarization distribution can be realized by adjusting the local orientation and geometrical parameter of the grooves. As shown in the upper right corner of Fig. 1 , the photo and the theoretical optical axis distributions of the metasurfaces are presented. The transmission of metasurface is 90% at the working wavelength of 1550 nm. The effective aperture is 4mm and the conversion efficiency can reach as high as 100%. In the experiment, the metasurface is used to generate CVB. According to [34] , q-plate devices placed in the middle of cascaded metasurfaces show arithmetic properties, such as changing the sign of the q-plate, adding two q-plates and subtracting two q-plates. In this paper, we have successfully constructed an equivalent q-plate system by combining the metasurfaces and HWP. The q-value of metasurfaces is 1 and 2, respectively. When the metasurface with q-value of 2 cascades to another one with q = 2 or q = 1, the q-values of the equivalent q-plate systems are 0 or −1. After inserting a HWP between the two metasurfaces with q = 1 and q = 2, the q-values of the equivalent q-plate systems is 3. As shown in Fig. 3 , the left column shows the vector fields of the five modes, and the second column on the left shows the corresponding intensity distributions without analyzer in front of the CCD. The next three columns show the corresponding intensity distributions with analyzer in front of the CCD, and the polarization angles of the analyzer are indicated at the upper row. The second and third row shows the experimental results of the generated CVBs by using the metasurfaces with q = 1 and Fig. 3 . A set of experimentally generated CVBs with different polarization orders (m) by single metasurface, subtraction and addition operations. q = 2. The fourth and fifth row shows the intensity profile of output lights, when the q-value of MS1 is 2 and the q-value of MS2 are 2 or 1, respectively. As shown in intensity profile, we can see that the polarization orders (m) of the output lights are 0 and −2. It indicates that the subtraction system is realized. The last row shows the intensity profile of the output light, when the q-value of MS1 is 2 and the q-value of MS2 is 1. After a HWP with fast axis parallel to the horizontal axis is inserted between MS1 and MS2, the subtraction system is transferred into addition system of CVB's polarization order. The polarization order of the output light is 6, as shown in the last row. With the two pairs of metasurfaces with q = 1 and q = 2, the maximum polarization order can be as high as eight.
In the proposal, the vortex property and the vector property of the CVV beams are introduced by SLM and equivalent q-plate system, respectively. Firstly, the linear polarized Gaussian beam was transformed into linear polarized VB. The topological charge of VB is controllable with programmable SLM. After that the VB is finally transformed into a CVV beam by the equivalent q-plate system which involves different combinations of metasurfaces and HWP. Hence, the SLM and q-plate system constitute a system that can be used for generating order-controllable CVV beams, as depicted in Fig. 4 . Fig. 4(a) shows the measured CVV beams without the GL in front of the CCD. The polarization orders (m) are 0, 2, 4, 6 and 8. The topological charges (l) of the helical phases are 0, 1, 2, 3 and 4. It can be found that the diameter of the output light increases together with the polarization order and topological charge. As shown in Fig. 4 , the intensity of CVV beam is decreasing with the increase of polarization order and topological charge. On the one hand, the generation of CVV beam with big polarization order involves more devices, thus the efficiency of the whole system would be reduced. On the other hand, the average energy decreased with the increase of diameter of ring-shaped. Fig. 4(b) shows the measured CVV beams with a GL placed in front of the CCD. In general, the analyzer was located in front the CCD to distinguish the CVBs and measure the polarization order of the CVBs. Similar to the differentiating the CVBs, the distinguishment of the CVV beams can be conducted by putting a analyzer in front of the CCD. As shown in the first row of Fig. 4 , the ring-shape profile is well maintained as they are just linear polarized VBs. The first column is VBs whose intensity broke up into some light dots that twice the polarization order, which can be also used to measure the polarization orders of the CVV beams. As illustrated in [1] , it can be identified that the CVV beam and the sign of topological charge through observing typical "s"-shape or anti-"s"-shape formed by two light spots on the same diameter. Because both the polarization order and topological charge are larger than one, the middle part of the "s"-shape is degraded. However, we can still clearly observe that the light dots drag a little tail except the first column. Therefore, we can confirm that the generated beams are CVV beams based on this phenomenon. Fig. 5 shows the intensity profile of CVV beams with opposite sign of polarization orders (m) and topological charges (l) when a GL is located in front of the CCD or not. As shown in Fig. 5 , when the rotation direction of the light spot which is marked with a red cross is consistent to the rotation direction of the GL' s transmission axis, the sign of polarization order is positive. On the contrary, the sign of polarization order is negative. As shown in the red dotted line, when the pattern formed by two light spots on the same diameter is similar to the "s"-shape, the sign of topological charge is positive; when the pattern formed by two light spots on the same diameter is similar to the anti-"s"-shape, the sign of topological charge is negative.
As introduced above, we can easily measure the CVV beam's polarization order and the sign of the topological charge with the aforementioned methods. However, we failed to measure the real topological charge of CVV beam, due to the existing of inhomogeneous polarization state under normal interference. Usually, the detection of CVV is realized by decomposing CVV beam into part of left-handed circular polarized and part of right-handed circular polarized, and then their topological charge are detected respectively. Finally, the topological charge is obtained by formula calculation. These methods are relatively complex in experimental setup, and the topological charge of CVV cannot be obtained directly. It is known that the CVV beam is consisting of vortex and vector properties. If we can eliminate the vector properties, the topological charge of the CVV beam can be estimated with common interference method. We have experimental demonstrated that a VB generated from the metasurface can be restored into fundamental Gaussian mode with another metasurface which is placed behind the first metasurface. After the polarization order of the CVV beam is measured by a GL, we can use another metasurface corresponding to the first one to eliminate the vector property of the CVV beam. Then, the topological charge can be measured directly by the interference method. The experimental results to demonstrate our proposal are shown in Fig. 6 , where two CVV beams (polarization order m=2) with topological charges (l) of 1 and 2 have been selected. Fig. 6(a) and (b) shows the generated CVV beam. After a GL polarizer was placed before CCD, the ring-shaped of light broke up into four light spots which show that the polarization orders of CVV beams were 2. But it is hard to determine the topological charge of CVV beams. With our proposed measure method, after another equivalent q-plate was used to eliminate the vector property, the rest vortex property of CVV beam interfered with the plane wave. The topological charge of CVV can be determined by interference fringes. As shown in Fig. 6(c) and (d) , the measured topological charge is consistent with the real value. Compared to the traditional method, our scheme can obtain topological charge of CVV more directly and much easier to implement. But the polarization order of CVV beam must be measured before we eliminate the vector property of CVV beam with equivalent q-plate.
Conclusion
In conclusion, we have experimentally demonstrated that order-controllable CVV beam can be generated by using programmable SLM and equivalent q-plate system. In the experiment, the SLM was used to produce CVV beams with arbitrary topological charge. It is shown that the maximum polarization order of generated CVV beam can be tuned to as high as eight with the equivalent q-plate system which consists of two cascaded metasurfaces and a HWP. It is also shown that the radius of the CVV beam's hollow ring increases together with both polarization order and the topological charge. To independently measure the helical phase of the CVV beam, the vector property of the CVV beam was eliminated by an equivalent metasurface, and meanwhile the beam with reserved vortex property was used to interfere with plane wave or spherical wave for measuring CVV beam's helical phase. The proposed approach for order controllable CVV beam generation may find promising applications in optical communication.
